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Analytical Model of Pulsing of Solid
Propellant Rocket Motors

R.M. Hackett*
The University of Alabama in Huntsville, Huntsville, Alabama

and

C.E. DeVilbissf
John W. McDougall Company, Inc., Nashville, Tennessee

The finite-element formulations of structural and acoustic free-vibration problems are reviewed and compared,
and the mode superposition analysis technique is presented. A direct analogy is developed between the application
of mode superposition to combustion instability analysis, and its proven application in structural analysis. A
computer program which models the response of pulsed solid propellant rocket motor cavities is presented, and
examples that demonstrate the application of the program are discussed.
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Nomenclature
= function of enclosed variable(s)
= column vector
= row vector
= rectangular or square matrix
= transpose of a matrix
= inverse of a square matrix
= inverse of the transpose of a square matrix
= indicates transformed matrix when placed

over a symbol
= indicates transformed quantity when placed

over a symbol
= arbitrary proportionality constants
= field value vectors
= fluid bulk modulus
= matrix relating strains to displacements
= element of the diagonalized damping matrix
= damping matrices
= matrix relating stresses to strains
= exponential
= forcing function vector
= fluid "equivalent potential energy" matrices
= fluid "equivalent kinetic energy" matrices
= energy functional
= identity matrix
= stiffness matrices
= lower triangular matrix
= mass matrices
= matrix of shape functions
= pressure
= perturbation vectors
= matrix operator
= time
= transformation matrix
= displacement
= displacement vector
= volume
= coordinate vector
= rectangular Cartesian coordinates
= generalized coordinate
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Superscript
e
Subscripts
i

= growth/decay constant
= integration constants
= eigenvalue
= viscosity function
= damping ratio
= mass density
= set of n orthogonal base vectors
= mode shape vector
= matrix of eigenvalues
= natural circular frequency

= element

= mode
i,j9...,m = element nodal point numbers
k = kinetic energy
n = number of discrete variables; «th condition
p = potential energy
r, s = mode designations
o = initial condition

Introduction

THE pulsing of a solid propellant rocket motor is a means
of examining the behavior of the motor during its com-

bustion. The combustion process has been observed to pro-
duce within the rocket motor cavity pressure oscillations which
correspond to the natural acoustic modes of vibration of the
cavity.1 These natural acoustic modes are the acoustic free-
vibration modes of the cavity and may be thought of as being
similar to acoustic vibrations in organ pipes. When the com-
bustion process excites one or more of the natural modes of
the motor to the extent that cavity pressure oscillations con-
tinuously increase in amplitude, a condition of combustion
instability may exist. By physically pulsing a burning rocket
motor and measuring the resultant pressure oscillations, data
pertinent to combustion instability prediction are gathered.2
Previous analytical work3 has consisted of the formulation of
ballistic models for three different types of laboratory pulser
units and the modification of a nonlinear finite difference
combustion instability program to model the effect of fore-end
pulsing, based on mass and energy flux data provided by the
pulser ballistic analyses. A computational model of the puls-
ing process which could be coupled with a finite-element
combustion instability prediction capability would enhance
experimental projects by providing a means of optimizing data
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collection (e.g., pulse and pressure measurement locations to
best observe certain modes), and would provide a link be-
tween experimental pulse work and analytical prediction.

Toward the practical solution of the problem of combustion
instability prediction, much effort has been expended 'on the
development of closed-form stability integrals based on linear
combustion theory. These stability integrals make use of the
solid rocket motor cavity natural acoustic modes. Determina-
tion of the natural mode frequencies and mode pressure
distributions, or mode shapes, has become quite complicated
due to the complex configuration of modern solid propellant
rocket motor cavities. Consequently, numerical approxima-
tion, in the form of the finite-element method, was adopted in
1975 as the standard means of extracting natural acoustic
vibration frequencies and mode shapes for solid propellant
rocket motors.4

The finite-element method is a numerical approximation
procedure through which, by discretizing a function, such as
the continuous pressure function mentioned above, it is possi-
ble to describe approximately the variation of that function
throughout a continuum by the numerical value of the func-
tion at specific points. This can be easily visualized as a
process similar to graphing an arbitrary function y = f ( x ) by
plotting values of y at specific values of x. If discrete vari-
ables are assigned to the function's numerical value at the
specific points and assumptions are made about the variation
of the function between points, it is possible to write a set of
simultaneous equations in terms of these discrete variables.
The equations arise from a superpositioning of equations
written for each "finite element" (continuum subregion)
bounded by the nodal points chosen as above. Equations on
the element level are commonly generated by energy balance
relationships, which are based on the physical properties of
the finite element of continuum material. Thus, the finite-ele-
ment method consists of discretizing a continuous function
and superposing equations developed at the element level.5 In
general, finite-element accuracy is directly proportional to the
number of elements used.

Formulation for the finite-element approximation of the
acoustic free-vibration problem results in a mathematical phe-
nomenon known as the general eigensystem6:

where the matrices [F] and [G] are determined by the physical
properties of the system, X is an unknown constant, and the
vector {<>} represents the discrete variables of the finite-ele-
ment formulation. Solution of the general eigensystem results
in eigenpairs

where n is the number of discrete variables. Each eigenpair
represents an eigenvalue, (frequency)2, A,, and eigenvector
mode shape, {<>/}, which describe a natural mode of acoustic
vibration.

Modeling of the dynamic response of a rocket motor cavity
to pulse perturbations will be approached within the finite-ele-
ment framework. This is accomplished by the application of
mode superposition, a technique commonly employed in
structural engineering vibration analyses.7'8 Conceptually,
mode superposition is a procedure whereby the response of an
entire continuum is found by superposing the responses within
some or all of the natural modes. The number of modal
responses used depends on the accuracy sought and the char-
acteristics of the natural modes, in that some may affect the
total response more than others. Two aspects of mode super-
position make it very attractive for this pulse modeling prob-
lem. First, it is founded on the solution of the eigensystem,
which is necessary for linear combustion instability analysis.
Secondly, the individual modal responses are generated, which
is advantageous because frequently only a few modes exhibit

combustion instability tendencies, and the ability to examine
these modes separately is of obvious merit. Therefore, mode
superposition as an extension of the finite-element method in
combustion instability analysis will be used to model rocket
motor cavity response to a short duration pressure increase
applied at one or more of the cavity nodal points as a pulse
perturbation, with the resulting pressure oscillations through-
out the cavity calculated by solving the differential equations
of dynamic equilibrium in time.

Background
Combustion Instability

Combustion instability, as used herein, refers to the behav-
ior of an oscillating rocket motor cavity when the combustion
process drives the pressure oscillations to such an extent that
detrimental effects result on the rocket flight. Such effects can
include: malfunction of electronic guidance equipment, failure
of mechanical components, disturbance of the combustion
process itself, or unsatisfactory vibration of delicate cargo,
e.g., passengers. The onset and maturity of combustion insta-
bility result from either the inherent acoustic instability of a
specific combination of cavity geometry and propellant grain
composition or the amplification of a cavity pressure dis-
turbance by the combustion process itself. A rocket motor
may be unstable in one or more of the acoustic modes, or it
may be marginally stable, thereby becoming unstable with
sufficient perturbation. As the complexity of the cavity geome-
try increases, so does the likelihood that more than one
acoustic mode antinode will occur at a given point. This
superpositioning of antinodes can have the effect of large
variations in pressure on the cavity surface.

The combustion process is obviously highly complex. As a
rocket motor burns, not only are the pressure, density, and
temperature of the cavity gases constantly changing, but with
propellant combustion there is also a change in cavity shape
which produces changes in the acoustic modes. These changes
result in varying combustion rates, and the cycle goes on. The
combustion process can attenuate the acoustic waves as well
as amplify them. In addition, several other phenomena are
known to drive or damp the pressure oscillations, some the
result of cavity gas flow effects, others of a purely mechanical
nature. Combustion instability occurs when the net result of
all factors produces an amplified acoustic wave which grows
beyond a suitable limit as the rocket motor burns. Prediction
of the combustion instability phenomenon is a problem of
evaluating this net influence on the pressure waves of each of
the natural acoustic modes of the cavity.

A simple analytical model of the combustion instability
problem within a single acoustic mode is9:

p=p0eatcosut (3)

where p0 is the amplitude of the disturbance and a the net
exponential rate of change of the disturbance. Accurate de-
termination of the parameter a is the objective of a combus-
tion instability analysis, a positive a indicating growth of the
pressure disturbance and consequent instability, and a nega-
tive a indicating decay of the disturbance, or stability. The a
parameter of Eq. (3) is the stability indication of a single
mode of acoustic vibration, hence it is possible for a rocket
motor to be stable in all but one acoustic mode. Much work
has been expended toward the goal of analytical prediction of
instability, but much is yet to be done. Advancement of theory
and analytical procedures is linked closely to experimental
results obtained from laboratory tests and telemetry data from
actual rocket motor firings. One such laboratory test is cavity
pulsing, which is valuable in experimental determination of
the growth/decay parameter.
Solid Propellant Rocket Motor Pulsing

Pulsing methods to evaluate the combustion instability
characteristics of solid rocket motors experimentally have
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been employed since the mid-1960's.2 In essence, the tech-
nique consists of firing a pressure pulse into a burning rocket
motor and then recording the induced pressure oscillations.
Immediately after the motor burns out, a second pulse is
introduced and a similar pressure response recorded. Analysis
of the data is then carried out in the time domain and
electronic filtering is applied to determine the frequency con-
tent.

Time domain analysis consists merely of determining the
peak to peak pressure oscillation amplitude change. This
growth/decay factor of pressure amplitude is the a parame-
ter. Using the definition of disturbance propagation, Eq. (3)

(3a)

where n corresponds to the number of cycles considered. Thus
a. is evaluated by measuring peak amplitudes in the time
domain and solving the simple equation:

Such an analysis of the first record yields the growth/decay
parameter during combustion. A similar analysis of the second
record yields growth/decay information attributable to the
combustion gases alone. From a comparison of the values, not
only is stability or instability evident, but information about
the acoustic energy production of the combustion process is
also attainable, since the net effect of combustion is de-
termined from the difference between the two records.

Frequency domain analysis of the pressure oscillation rec-
ords is conducted by feeding the data through a spectral
frequency analyzer. Such an analysis yields a breakdown of
the frequency, or acoustic mode composition of the record.
These data are valuable in checking analytical model mode
predictions which produce frequencies and mode pressure
distributions, although only the frequencies can be compared,
as mode shapes are unattainable from pulse experimentation.

The growth/decay parameters determined in the time do-
main analysis are for the combination of all the modes excited
by the pulse and recorded by the pressure transducers. It is
only possible to extract specific mode decay factors through
electronic filtering devices, which distort the data and intro-
duce error. Therefore it is essential to conduct a coordinated
analysis of experimental data and analytical results to fully
gain the benefits of pulsing technology.10

Application of pulse testing to a rocket motor is carried out
by attaching accelerometers to the motor casing and tapping
pressure sensitive transducers into the rocket motor cavity.
Pulses are injected into the burning cavity, either by piston
type plungers or by explosive charge. Orientation of the pulser
is significant in that longitudinal modes are excited by any
pulse, whereas tangential modes of the cavity tend to receive
more energy from the pulse when it is fired into the cavity in
an asymmetrical, off-axis fashion.2

Finite-Element Method
Since the early 1960's, when the finite-element method

received its formal name from a structural analysis applica-
tion, it has evolved into a highly mathematically developed
numerical approximation technique which is applicable to a
diverse family of physical problems—structural analysis, elec-
trical circuitry, fluid flow, heat conduction.

Finite-element analysis techniques are applicable to linear
problems, and to nonlinear problems through the concepts of
linearization and iteration. However, the following discussion
will be confined to linear applications, as the presently most
tractable combustion instability prediction theory is linear.
The actual solution of a finite-element problem can be sum-
marized as consisting of four steps. First, the continuous
domain of the system is broken into subregions, or finite
elements, and element properties are generated from geomet-
ric, material, and loading conditions which are assumed well

defined and specified. Second, all elemental subregions are
assembled into a discretized formulation of the continuous
problem. Third, boundary conditions are imposed on the
system of generated equations. Fourth, the equations are
solved to produce output data, which is the desired result.

Discretization of a continuous problem is accomplished by
dividing the domain of concern into finite-element subregions
defined geometrically through the coordinates of boundary
points, or nodes. Then the continuous field of interest, e.g.,
temperature, pressure, displacement, etc., is defined in terms
of its value at these nodal points. Continuity of the field is
preserved by assuming a set of shape functions for each finite
element which expresses the value of the field at the element
nodal points. These shape functions are an approximation
introduced into the formulation in that they are rarely as-
sumed to be higher than second order, whereas the field
variation is unknown. Thus

(a}=i:[Ni}{aiy=[Ni,Nj,...,Nm] = [ N ] { a } e

(5)

defines {a} at some point in terms of the shape functions [Nf]
for nodal points i = 1,2,..., w, m being the number of nodal
points per element, and the field values at the nodal points
(a, }e. The shape functions are functions which map the nodal
values into values at interior points in the element, conse-
quently the coordinates of the point where { a } is defined are
expressed as

and the property of identity mapping at the nodal points
becomes apparent,

{xi} = W{xi} or [Ni]=Ni[n (7)

if all components of the [x}e vector are mapped identically.
Material properties are introduced to establish a relation-

ship between the field of interest {a} and some perturbing
function which will be called {q}. Physical considerations
between the field and its perturbation on the element level
may take the form of displacement-force in structural prob-
lems, current-voltage in electrical problems, etc., and are ex-
pressed discretely as

where [k]e will be referred to as the element stiffness matrix,
which is the terminology used in structural problems. The
vector {q}€ represents nodal perturbation values associated
with the nodal field values; consequently, it has the same
number of components as (a}e, and [k]e is seen to be square.
Many linear problems induce symmetry into [k]e through
reciprocity.

With the problem discretized and elemental equations for-
mulated by introduction of the material properties associated
with the system, the first step in the finite-element solution is
completed, so the second step, assembly, is undertaken. By
noting the continuity constraint at nodal points, which re-
quires element nodal point displacements to be the same for
any elements sharing that nodal point, the property of simple
additivity is seen to govern the assembly process. In essence,
the elements surrounding a nodal point all have material
property influence on the field value at that node, thus the
element equations are simply summed to give discrete global
equations of the form

(9)
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Equation (9) is constrained only in the continuity relationship
imposed at the nodal points of the finite elements; therefore,
the third step in formulating the problem is to impose
boundary conditions on the discrete field variables in {A}.
This consists merely of restraining the field values at any
nodes which have imposed conditions. An example is specified
displacement values at support points in a structural analysis
problem.

All that remains is the solution of Eq. (9) with the imposed
boundary conditions to yield a field vector {A}, the discrete
values to the continuous field associated with the perturbation
vector {(?}. As previously noted, the global stiffness matrix is
normally symmetric, which enhances solution of the equa-
tions. Another enhancing feature arises due to the "mesh"
which results from dividing the domain through the introduc-
tion of nodal points. Continuity constraints couple the global
equations only at nodal points shared by elements; conse-
quently, the global stiffness matrix is sparsely filled with band
widths on the order of 10% of the total number of equations.
So, even though finite-element discretization leads to a large
system of simultaneous equations, they are typically "nice"
equations which are relatively easily solved.

Discretization, assembly, constraint, and solution are the
four steps common to the general finite-element problem
regardless of application. The only approximation introduced
in the formulation is assumption of the shape functions, which
approximate the variation of element parameters throughout
the finite-element subregion. Other approximations may be
introduced in the material property relationships (commonly
defined as integral quantities which must be evaluated numeri-
cally), and the equation solution step. However the shape
function approximation is usually the dominant factor, so as
the shape functions represent the actual variation of element
parameters more closely, accuracy improves. Better shape
function approximation can be achieved by one of two meth-
ods: 1) increase the order of the shape functions assumed or 2)
decrease the variation of parameters between nodal points by
defining more of them, and, hence, more elements. The second
option of refining the finite-element mesh is usually chosen
when more accuracy is necessary, accuracy being related di-
rectly to the number of elements chosen to discretize the
problem domain.

Equation (9) was formulated based on a general perturba-
tion function {Q}. Time may now be introduced by allowing
the perturbation to include contributions which depend on
time rates of change of the field vector, denoted:

- A a n d (10)

Recalling that the concept of discretization, Eq. (5), was
applied to the spatial domain of the problem, it is clear that
just as [k]e related the field variables to perturbation for the
finite element, so should exist discrete matrices relating the
rates of change, Eq. (10), to perturbation on the element level.
Such is the case, and Eq. (8) may now be written as

and, upon assembly as before,5'7'8

(12)

which is the general discrete form of the equations of dynamic
balance between perturbations and the values of the field of
interest and its time derivatives. Returning to the example of
structural analysis, wherein perturbations are forces and the
field is of displacements, [C] is referred to as the global
damping matrix, and [M] is referred to as the global mass
matrix. Damping force contributions are of a viscous nature,
or velocity-dependent, and mass forces are inertia related, or
acceleration-dependent.

Referring once again to the structural problem, the general
forms of matrices [ k ] e , [c]e, and [m]e are defined in the
following manner5:

[kr-ft[B]T[D][B]dV (13)

where [B] is comprised of partial derivatives of the shape
functions:

(14)

i,j9...9m being the element nodal points, and for the
three-dimensional case,

" dN,
dx

0

0

0

0

0

0

dz

dy dz

dz
d.ty djty
dy dx

,etc.

(15)

matrix [D] of Eq. (13) is a matrix of constitutive properties
relating stress and strain;

y

[«]*-/ [N]Tp[N]dV<
J ye

(16)

(17)

Thus the general discrete equations of dynamic balance, Eq.
(12), which result from discretization of a continuous domain,
are established. The solution of these equations is more com-
plicated in that they must be solved in time, but, in general, a
dynamic finite-element analysis problem can be readily solved.

Motivation for turning to the finite-element method in
combustion instability analysis comes from the need to extract
natural acoustic vibration frequencies and mode shapes for
complex rocket motor configurations.11 The presence of slots
or other cutouts in the propellant grain make determination of
the natural frequencies virtually impossible by methods of
classical acoustic analysis. By discretizing the system through
the finite-element method, numerical evaluation of the modes
is possible.

Once the finite-element method gained acceptance in com-
bustion instability analysis, it became apparent that a stan-
dardized procedure for acoustic analysis would be beneficial.4
The finite-element code, NASTRAN (NASA STRuctural
ANalysis), was adopted for that purpose.4'11 As is obvious
from its name, NASTRAN is a structural finite-element code;
however, it contains a fluid analysis capability, and this option
was utilized to extract natural frequencies and mode shapes. A
post-processor was then employed to carry out a potential
flow analysis and combustion instability prediction.

Because NASTRAN was not designed as a combustion
instability analysis program, it has inconvenient aspects. Some
of these are: 1) an axisymmetric, rather than three-
dimensional, analysis, 2) approximation of the cavity slots,
accuracy of which decreases as slot width increases, 3) inabil-
ity to couple the acoustic response of the rocket motor cavity
to the structural response of the propellant grain, and 4)
requirement of a post-processor to predict instability. These
drawbacks led to the conclusion that a program designed
solely for combustion instability analysis would be much more
useful.12 Subsequent effort resulted in the development of
FLAP3 (FLuid Analysis Program, 3-Dimensional).13 The
FLAP3 code is important to this work, because results from
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the code are used as input for the analytical pulse code, which
will be demonstrated subsequently. For this reason, a brief
description of the capabilities of FLAPS will be given. It was
designed to perform a linear acousto-modal analysis of the
irrotational motions of an inviscid, compressible fluid coupled
to the motions of a nearly incompressible, linearly viscoelastic
solid, and a linear potential flow analysis of the irrotational
motions of an inviscid, incompressible fluid, and then de-
termine the effect of the flowfield and combustion on the
acoustic oscillations of the rocket motor. The development of
this three-dimensional code was motivated primarily by three
objectives: 1) to provide more generality in modeling complex
cavity geometries, 2) to provide a means of predicting the
damping of acoustic oscillations by the solid propellant grain,
and 3) to provide an easy-to-use, integrated program designed
solely for the purpose of combustion instability prediction.13

It has been shown that FLAPS produces analytic results which
are in good agreement with experimental data.14

Theory
Structural Analogy

It will now be shown that structural dynamics problems are
analogous in theoretical formulation to the problem of the
dynamic response of solid propellant rocket motors and that
the solution procedures can be virtually identical within cer-
tain limitations. Discretization of the fluid flow problem in
rocket motor cavities is based on an Eulerian kinematic as-
sumption. Simply stated, the finite elements are assumed to
represent subregions of the domain through which the fluid
flows, with fluid pressure at the nodal points being the discrete
values of the field sought.15 Thus the nodal points of the finite
element mesh remain stationary. In comparison, this differs
from the common formulation of structural problems, which is
based on a Lagrangian kinematic assumption. Finite elements
in a solid structure are taken as subregions of the material
with the actual displacement of the nodal points being the
discrete field values.5'8 These displacements are related to
actual deformations of the finite-element mesh. However, re-
gardless of this kinematic assumption difference, the discrete
set of equations which result from either formulation will be
of the same structure.

Finite-element formulation of the acoustic free vibration
problem will be approached as the minimization of an energy
functional, H, which is composed of potential energy and
kinetic energy contributions:12

(18)

The potential energy term is defined as

where the bracketed term is the vector inner product of the
spatial pressure gradient with itself. The kinetic energy is
defined as

(20)

Minimization of the energy functional, Eq. (18), is equivalent
to requiring

— ~ i ~op dp op u (21)

Discretization of the problem is begun by introducing the
standard shape function approximation, Eq. (5), to give

where

Now, on the element level

dHn

»Pe

where, from Eq. (19) it is seen that

dpt Jye p \ \ dx } dpt \ dx ) \ dy ) dpt \ dy

( dn\ d ( dn
+

and a matrix [/]* can be defined such that

(23)

(24)

(25)

(26)

with a typical term of [f]e expressed as

where r, s = /, 7,..., m. Similarly

dHk I vHfc vHfc I
^~\_~Wi

where from Eq. (20) it is seen that

dm

By letting

(27)

(28)

(29)

(30)

it is seen that another element matrix [g]e is defined by

Recalling that finite-element assembly requires merely di-
rect summation over all elements, it is clear that

3H oHe

dpe (32)

Thus, the final formulation of the discretized acoustic free-
vibration problem is:

[ F ] ( p } - u 2 [ G ] { p } (33)

Both global matrices are symmetric, as is obvious from the
definitions of the element matrices, Eqs. (27) and (31).

To compare the acoustic free-vibration equations, Eq. (33),
to those of the structural free-vibration problem, it is sufficient
to write the general dynamic equations in terms of force and
displacement:

} = {/(0} (34)

(22) and then to disregard the viscous and forcing terms, which
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yields

Taking

{«}-{*}«'"'

and substituting this expression into Eq. (35) yields

discrete dynamic balance Eq. (12) and, as such, exhibit the
,5,8

(35)

(36)

(37)

which is clearly similar to Eq. (33). Thus the discretized
free-vibration problem in acoustics and structures yields es-
sentially the same set of equations. So similar are the formula-
tions that it has been shown that a structural analysis com-
puter code can actually yield the correct solution for an
acoustic problem from appropriately altered input data.15

Eigenvalue Solution
A large number of mathematical models of physical systems

can be reduced to the solution of a special eigenvalue problem
defined by the eigensystem:5

[R]{X}=\{X] (38)

Solution of the free- vibration equations, Eqs. (33) and (37), of
acoustic vibration and structural vibration, respectively, can
be reduced to that of the special eigensystem, Eq. (38). As an
example of the procedure utilized to reduce the vibration
equations, such a reduction will be applied to the structural
free- vibration equations. Matrices [K] and [M] are known to
be symmetric by definition, so maintenance of symmetry is
sought in their combination to produce a matrix [R] for Eq.
(38). This is accomplished by constructing a triangular decom-
position of [K] such that

[ K ] - [ L ] [ L ] T and [K]'1 - (39)

where X = 1/w2. Setting

Substituting Eq. (39) into Eq. (37), premultiplying by [L]T,
and then rearranging yields

(40)

(41)

(42)

(43)

the reduction is complete, and

[R]{x}=\{X}

where
-T

The solution of Eq. (42) is a well-understood mathematical
exercise and many standard computer algorithms exist for the
extraction of eigenvalues and eigenvectors, so it is seen that
the free- vibration problems are highly solvable.

The free-vibration eigensolution yields eigenpairs

where n is the number of discretized equations or the dimen-
sion of the square matrices [K] and [M], or [F] and [G].
Eigenvalue <*>,, / = !,...,«, represents the free- vibration
frequency of a single mode of vibration and {<£,}, / = 1, . . . ,«,
which is determined to within an arbitrary multiplicative
constant, represents the shape of the vibratory mode defined
by the eigenvalue. The eigenvectors of Exp. (44) form an
orthogonal basis for the space of solutions to the general

properties

If, as the magnitude of { <J>r } is arbitrary, the condition

(45)

l (46)

is imposed on the eigenvectors, they now form an [M]-or-
thonormal basis and it is apparent that

(47)

Such normalization is commonly utilized in structural vibra-
tion problems. Its merit will become apparent in the following
section, where mode superposition is employed as the theoreti-
cal basis for the analytical pulsing of rocket motors.
Mode Superposition

It has been shown that finite-element discretization of con-
tinuous dynamic problems often leads to the general discrete
form of the equations of dynamic balance, which represent a
large system of coupled equations. Solution of such a system is
typically accomplished by computing values for the field and
its time derivatives at discrete time intervals; the solution at
some point in time depending on the values of the previous
time interval, the perturbation at the current time, and satis-
faction of the balance equations at the current time. As the
direct solution of Eq. (12) requires solution of a large number
of coupled equations at each time interval, it is a formidable
computational task. Reduction of the degree-of-coupling of
the equations, or optimally, uncoupling of the equations,
would greatly enhance the solution by reducing computational
effort. Mode superposition is a technique whereby the coupled
equations of dynamic balance are uncoupled into single-
degree-of-freedom equations representing the response of the
system in each of its natural vibration modes, then the total
response is obtained by superpositioning the modal responses.

Referring once again to the dynamic balance equations for
structural problems for this discussion, Eq. (34) is seen to be
the governing set of equations. Uncoupling of the equations is
approached by assuming the displacements, {«}, to be ex-
pressable in terms of a transformation of some generalized
modal coordinates, {X}*

{u} = [ T ] { X } (48)

where [T] is some transformation matrix. Substitution of Eq.
(48) into Eq. (34) and premultiplication by [T]T yields

where

( T ] T ( M ] ( T ]

[C] = ( T ] T ( C ] ( T ]

[ K ] - [ T ] T [ K ] [ T ]

(49)

(50a)

(50b)

(50c)

(50d)

Judicious choice of [T] will reduce the bandwidth of _the
equations, the_optimum result being diagonal matrices [M],

[C], and [K], thereby reducing the system to a set of
uncoupled equations.

It can be recalled that the eigenvectors defined in the
previous section form an orthogonal basis for the solution
space. Thus by choosing [T] to be the n X n square matrix
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comprised of the eigenvectors,

the original transformation becomes

and Eq. (49) may now be written as

where [/] is the identity matrix,

(51)

(52)

(53)

(54a)

(54b)

(54c)

Thus, with the exception of [C], Eq. (53) is uncoupled by the
diagonality of [./] and [Q2]. If the original damping matrix [C]
is assumed to be a linear combination of [A"] and [M] such
that

= a[M]+b[K] (55)

then [<I>] will be orthogonal to [C], and [C] will be diagonal-
ized. Such an assumption is commonly used and is referred to
as Rayleigh damping; its applicability will be discussed subse-
quently.

Assuming Rayleigh damping, Eq. (53) is completely uncou-
pled and may be written as n single-degree-of-freedom equa-
tions of the form8:

(56)

where (^represents an element of the diagonalized damping
matrix [C], c*>r is the frequency of the rth natural mode, Xr is
the generalized coordinate which represents the response of
the rth mode, and fr is the modal forcing function defined by

(57)

being the rth eigenvector mode shape. The solution of
Eq. (56) in time gives the generalized coordinate Xr(t) for
each natural mode of vibration. The actual response of the
system is then achieved by transforming the generalized re-
sponse, as in Eq. (52)

where (ur(t)} is the actual displacement of the system in the
rth natural mode of vibration.

As mentioned previously, [$] represents a set of n orthogo-
nal base vectors for the solution space in which { u}, the total
response, exists. Therefore any solution {u} may be thought
of as a linear combination of the base vectors {<|>r}. This is
equivalent to recognizing that the total response is a combina-
tion of vibrations in each of the system's natural modes. The
concept of superposition is introduced to give:8

(59)

which represents the total displacement in terms of the gener-
alized coordinates Xr(t) of the uncoupled equations.

Mode superposition can now be summarized as consisting
of four steps. The first calls for acquisition of the free-vibra-
tion frequencies and mode shapes, the second is the decou-
pling process which yields n single-degree-of-freedom equa-
tions, the third entails solution of the uncoupled equations in
time to yield the generalized modal coordinates, and the
fourth is the superpositioning of modal responses to obtain
the total system response.

The major advantage of the mode superposition technique
is that it involves transient solution of only single-degree-of-
freedom equations. However, the advantage is of reduced
significance if the response in all n nodes is considered, as a
complete eigensolution is necessary to obtain the modes. Con-
sequently, mode superposition becomes most advantageous
when the total response can be approximated by relatively few
modal responses, or when the responses of only a few modes
are of interest (as might be the case in combustion instability
analysis). Only one disadvantage exists, that being the neces-
sity for an eigensolution, which is, in general, a complicated
process; but this disadvantage is eliminated in combustion
instability analyses since the eigensolution is already necessary
for instability prediction. Therefore mode superposition is
seen to be ideally suited to applications of dynamic response
analysis in solid propellant rocket motors.

The acoustic free-vibration problem, Eq. (33), has been
shown to be analogous to the structural free-vibration prob-
lem, Eq. (37). With Eq. (54) resulting from the transformation
of the structural stiffness and mass matrices, it is apparent
that similar transformation of the fluid inertia and fluid com-
pressibility matrices will result in a similar uncoupled system.
Only damping is yet to be shown as analogous, and this will
now be done through consideration of the uncoupled system
ofEq.(56).

In structural problems when Rayleigh damping is assumed,
the damping matrix is a linear combination of the mass and
stiffness matrices, Eq. (55). This results in an uncoupled
damping coefficient,8

Cr = 2£rur (60)

A definition of the damping ratio is found in Ref. 7:

2inn (61)

By examining the single-degree-of-freedom response equation,7

(62)

and comparing it to the equation representing the basic com-
bustion instability problem,

p(t)

a very simple analogy is recognized,

(62a)

(63)

Thus the growth/decay constant a is seen to be related
directly to the damping ratio by proportion of the natural
circular frequency, and the analogy of the two problems is
complete.
Analytical Model of the Pulse

Impulse loading is the simplest form of dynamic perturba-
tion. Rectangular, triangular, and sine-wave impulse forms are
illustrated in Fig. 1. Pulse time and peak amplitude define the
loading in each case, making the mathematical models of each
type of impulse straightforward. Discharging of the pulse into
a burning rocket motor cavity is equivalent to striking a
structure with an impact load. The analytical pulse model is
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PRESSURE

-Amplitude

tl t2

RECTANGULAR PULSE

Amplitude

tl tm t2

TRIANGULAR PULSE

.TIME

Amplitude

tl t2

HALF SINE-WAVE PULSE

Fig. 1 Pulse diagrams.

applied in mode superpositioning by pulsing the appropriate
nodal points of the discrete finite-element mesh, and then
transforming the pulse into the contribution factor for each
mode of interest. This transformation was defined in Eq. (57).
Here the forcing function ( f ( t ) } is the pulse model described
earlier and is a vector having nonzero values only at the nodes
to be pulsed.

Developed Computer Code
Algorithms

The fundamental algorithm of the developed computer code
is based on solution of the uncoupled acoustic vibration
problem. As the theoretical development led to a direct anal-
ogy between structural and acoustic mode superposition prob-
lems, Eq. (56) can now be written in the form:

(64)

Solution of Eq. (64) in time for each of the r modes yields
time histories of the modal contribution factors, Xr. Integra-
tion of Eq. (64) in time is accomplished by applying the
Newmark time-step integration algorithm,8 which is an exten-

of the linear acceleration method. Adaptation toson
terminology used herein results in the two equations

(65)

(66)

where Xt (and its time derivatives) is the rth modal contribu-
tion factor, as before. Also utilized in the algorithm is the
fundamental balance equation written at time t + dt,

(67)

Rearrangement and solution of Eq. (66) for Xt+dt in terms of

Xt+dn substitution of this expression into Eq. (65), and solu-
tion of Eq. (65) for Xt+d-t in terms of Xt+dt yields expressions
which may be applied to Eq. (67) to express it in terms of the
unknown contribution factors Xt+dt only. The solution of Eq.
(67) is then simple algebra, since it is a single linear equation
of one unknown. Once the value of Xt+dt is known, it can be
substituted back into Eqs. (65) and (66) to yield Xt+dt and

The next significant algorithm is the superpositioning of the
modal time histories to obtain the global time history of the
pressure variation produced by the pulse. This superposition-
ing was defined in Eq. (59). Finally, the pulse algorithm is
easily understood by referring once again to Fig. 1. Rectangu-
lar pulses are simply defined by the expression

;>(*) = (Amplitude) |J,2

Triangular pulses are expressed as

,<»)- (Amplitude)

And half sine- wave pulses can be represented by

p(t) = (Amplitude)sin

(68)

(69a)

(69b)

(70)

Thus the four major algorithms employed are defined and
the program structure can now be discussed.

Program Structure
DRAMS (Dynamic Response Analysis by Mode Superposi-

tion) is developed in three units, the main program and two
subroutines. Figure 2 illustrates the logic in flowchart form.
The arrangement and function of each unit will be presented.

The main program begins execution with the input of data.
Run control data is input and echoed, pulse data is then input
and echoed, then the modal data, and finally, if called for by
the problem definition, nonzero initial conditions are input.
Next is the initialization process, whereby all variables are

cINPUT TITLE &
CONTROL DATA

cINPUT PULSE, MODE AND
INITIAL CONDITION DATA

(̂ ECHO DATA

p̂(O)} & {p(0)> = 0 ? TRANSFORM INITIAL COND.
TO (X(0)} & {X(0)>

SOLVE FOR {X(0)>

SOLVE UNCOUPLED EQUATIONS
BY NEWMARK METHOD

TRANSFORM GENERALIZED
COORDINATES BACK TO (p(t) }

(̂ OUTPUT

. STOPJ

Fig. 2 DRAMS flowchart.
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initialized and initial accelerations are calculated to provide
all the values required by the Newmark time-step integration
algorithm. These initial accelerations are generated from the
solution of Eq. (64) at time zero for each mode. The main
program then calls subroutine NEWMRK, which solves Eq.
(64) in time to generate time histories of each modal contribu-
tion factor Xr. When execution control returns to the main
program, the superpositioning process and data output are all
that remain. Superpositioning is accomplished with the appli-
cation of Eq. (59). At each time step, the modal contribution
factor multiplies its respective mode shape vector and is
summed into the global response array. The global responses
are then output for the designated nodal points. Dummy
counters are used to scan through the nodal point numbers to
select those which are to have results output.

The main program is used primarily as a bookkeeper,
whereas most computation is done in the two subroutines. The
bookkeeping includes keeping track of the nodal point num-
bers of the discrete system solved, the nodal point numbers to
be pulsed, and the nodal point numbers where solutions are
sought, as well as the number of modal responses and time
steps to be considered. After initializing global and modal
force vectors, subroutine FORCE branches to the appropriate
pulse type: rectangular, triangular, or half sine-wave. A pres-
sure is calculated and this value is assigned to the global force
vector at the appropriate pulse nodes. Finally, the global force
vector is transformed through Eq. (57) into modal contribu-
tion factors fr before control is returned to the calling routine.
Subroutine FORCE is called by subroutine NEWMRK at
each time step.

Subroutine NEWMRK implements Eqs. (65), (66), and (67)
to accomplish Newmark time-step integration. The first step is
to calculate all necessary integration constants; there are seven
generated when Eqs. (65) and (66) are rearranged in terms of
Xf+dt- With constants assigned values, the time-step process
begins. At each time step: subroutine FORCE is called to
generate /'s, the transformed Eq. (67) is solved for Xt+dt^9 and
Eqs. (65) and (66) are re-entered to generate Xt+dt and Xt+Ar
After stepping through time in this loop process, NEWMRK
returns control to the main program for superpositioning and
output.

Example Problems
DRAMS was developed as a post-processor of eigensolution

data. As it requires the natural circular frequencies,
growth/decay constant, and mode shape vectors as input, it is
ideally suited to process data generated by the FLAPS three-
dimensional combustion instability analysis program. FLAP3
generates the eigensolutions for various modes with harmonic
regions of the solution space. A particular mode is therefore
identified by its harmonic number and mode number. Exam-
ple problems solved with DRAMS are run with data produced
by FLAPS analyses. Three runs are presented to demonstrate
the capabilities of DRAMS and to illustrate the mode super-
position technique.

The first analysis was conducted on Mode 2 (second longi-
tudinal mode) of Harmonic 2, which was determined by
FLAPS to have a positive growth/decay factor. Recall that a
positive factor indicates that a perturbation of that mode will
produce oscillations with a growing amplitude. Figure 3 is a
graphic representation of the analysis, and at first glance
would seem to indicate no amplitude change. However, as the
frequency of this example mode is 33,186.9 rad/s or 2068.3
Hz, and the growth/decay constant is only 3.91, an explana-
tion of the lack of change is desirable. This explanation is best
illustrated by returning to the structural analogy.

Structural damping was related to the growth/decay con-
stant through the simple relationship of Eq. (63). As implied
by its name, f is a ratio which relates modal damping factors
to that mode's frequency. Structural frequencies are typically
less than the frequency in this example's acoustic mode by
approximately three orders of magnitude, and structural
damping ratios are typically in the 5% to 10% range. The
growth factor of 3.91 in this example, when compared to the
frequency, is seen to be analogous to a damping ratio of
0.012%. These ratios are related to the amplitude change of
the time history response from cycle to cycle, or from peak to
peak, in Fig. 3. As the ratio in Example 1 is so small, no
detectable change in amplitude would occur in as few cycles
as are illustrated.

To emphasize this point and to demonstrate the time his-
tory capabilities of DRAMS, Example 2 was run with the
same data as Example 1, except a was changed from 3.91 to
498.0. This new value represents a growth factor equivalent to
a structural damping ratio of 1.5%. The amplitude growth
evident in Fig. 4 clearly illustrates the instability problem, and
though the growth rate of Example 1 was much smaller, at
over 2000 Hz it would not take long to produce a more
noticeable change.

Example 3 was run with data generated by a FLAPS
finite-element combustion instability analysis of a finocyl
rocket motor. Five modes of the Zero Harmonic were analyzed
to illustrate the superpositioning of modal responses and the
responses which can be calculated at different nodal points
within the cavity. Figure 5 is the graphic presentation of

0>« 33.187 radians/second

Ot =* 498.0 seconds"

Nodal Point 19 Pulsed

Nodal Point 19 Solve

TIME

2 x 10~5 Seconds

• 0) = 33,187 radians/secc

Ot = 3.91 seconds"1

Nodal Point 19 Pulsed

Nodal Point 19 Solved

\7 \J \J \J \J \y

TIME

2 x 10~5 Seconds

Fig. 4 Example 2.

- Nodal Point 1

- Nodal Point 106

FINOCYL MOTOR

Zero Harmonic, Five Modes
All Nodal Points Pulsed
Noted Nodal Points Solved

Fig. 3 Example 1. Fig. 5 Example 3.
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Example 3. The response of any of the three nodal points
recorded shows the effect of more than one mode's contribu-
tion, but the response of node 46 indicates superpositioning
best. Also evident in this example is the value of the ability of
DRAMS to examine response at several different nodal points,
thereby indicating the most appropriate position for pressure
transducer installation or pulse location.

The versatility of DRAMS as an analytical tool is evident.
Example 1 shows that it can be used to model single mode
analyses to examine the behavior of individually unstable
modes. Example 2 illustrates that the analytical model can be
altered by varying the parameters; this feature might be useful
if the analytical frequency or the growth/decay constant
varies from that determined experimentally. Through the in-
sertion of experimental constants into the program along with
a mathematically calculated mode shape, a more accurate
overall model can perhaps be constructed. Finally, the super-
positioning aspect illustrated with Example 3 shows that
DRAMS has a capability to analyze the combined effects of
several modes.

Results presented here are qualitative in nature; they are
generated to illustrate specific aspects of mode superposition-
ing as a tool for the analytical pulsing of rocket motors.

Summary and Conclusions
Mode superposition has been shown to be ideally suited to

the analytical modeling of solid propellant rocket motor puls-
ing. By developing a direct analogy between the acoustic
free-vibration problem and the structural free-vibration prob-
lem, it has been shown that the mathematical models result in
almost identical eigensystems. The solution of the acoustic
eigensystem is necessary in linear combustion instability anal-
ysis, consequently mode shapes and frequencies for the acous-
tic system are available. A development of the theory of mode
superposition in structural problems indicates that having
mode shapes and frequencies, a system response can be found
quite simply if the contributions of only a few modes are
sought. This led to the final analogy between rocket motor
acoustics and structural systems, that being the direct relation-
ship between growth/decay constant a and damping ratio £.
Inasmuch as the two problems are mathematically equivalent,
the application of mode superposition is simply an extension
of the finite-element method of discretized analysis.

Analytical modeling of experimental pulsing was chosen for
two reasons. First, the pulse perturbation is the most easily
modeled of any dynamic excitation. Second, the application of
mode superposition to motor pulsing may be immediately
beneficial. By "firing" analytical pulses at different locations
within a cavity and recording the results, data could be
generated which may increase the efficiency of the actual,
much more expensive, experimental pulsing significantly.
Nearly optimum locations for pulse injection and transducers
may be obtainable.

This is not to say that mode superposition need be limited
to the pulse testing of rocket motors. Should combustion
research produce a reasonably accurate model of the actual
propellant combustion, that model could be incorporated into
a mode superposition analysis as the perturbation and perhaps
eventually lead to the ability to model an entire motor burn
cycle. An extensive analysis would, of course, be required, as

the acoustic modal properties would change with the rocket
motor configuration change due to consumption of the propel-
lant, but it is feasible. A mode superposition program such as
the one developed herein can easily accommodate any forcing
function by simply substituting one "FORCE" subroutine for
another.

It is hoped that this paper has presented the theory and
application of mode superposition in an understandable
manner. The intent of the authors is to show an analogy
between two physical systems and to emphasize that the
finite-element method is as applicable to one as it has been
proven to be to the other. As a mathematical tool, finite-ele-
ment analysis has opened the door to the discretization of
many continuous systems. If this paper has encouraged the
use of that tool, it has served its purpose well.
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